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Abstract. Let H(M) denote the space of all holomorphic functions on the 
unit ball 1 6 C" In this paper we investigate the boundedness and compact- 
ness of the products of radial derivative operator and the following integral-type 
operator 



where g G H(M),g(0) — 0, (p is a holomorphic self-map of B, between Zygmund 
spaces and Bloch spaces. 

Keywords: radial derivative operator; integral-type operator; Zygmund 
space; Bloch space 

1. Introduction 

Let if (B) denote the space of all holomorphic functions on the unit ball 
B C C n . Let z = (zi, . . . , z n ) and w = (wi, . . . , w n ) be points in the complex 
vector space C n and < z, w >= z{wl + . . . + z n w^. Let 



stand for the radial derivative of / G if(B)[l]. It is easy to see that, if / G 
H(M), f(z) = J2 a a a z a , where a is a multi- index, then ^ftf(z) = ^ a \a\a a z a . We 
write ^ m f = ^ m - 1 f). 

The Bloch space £>(B) is the space of all / G H(M) such that 

||/|| B := |/(0)| +sup(l-H 2 )|V/(z)| <oo, 





The little Bloch space B (M) is the space of all / G H(M) such that 



lim(l-|z| 2 )|V/(^)| = 
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It is well known that / G B(JB>) if and only if 

&(/) :=sup(l-\z\ 2 )m(z)\<oo, 

and that / G Bo if and only if lim (1 — |,2| 2 )|3?/(,2)| = 0. Moreover, the following 

\z\-H 

asymptotic relation holds[2]: 

11/11* ~ l/(0)| +b(f). 
Let Z denote the class of all / G H(M), such that 

sup(l - \z\ 2 )\M 2 f(z)\ < oo. (1) 
Therefore, Z is called the Zygmund class. Under the natural norm 

11/11* ■= 1/(0)1 + |/'(0)| + sup(l - \z\ 2 W 2 f(z)\ < oo. (2) 

Z becomes a Banach space. Zygmund class with this norm will be called the 
Zygmund space. 

The little Zygmund space Z denote the closure in Z of the set of all poly- 
nomials. From Theorem 7.2 of [3], we see that 

feZ ^\im(l-\z\ 2 )\^f(z)\=0. (3) 

Suppose that g G H(M),g(0) = and (p is a holomorphic self-map of B, then 
an integral- type operator, denote by 1^ on H(M), is defined as follows: 

f 1 dt 
I°f(z) = J o Mf(<p(tz))g(tz)j, geH(B), z eM (4) 

Operator (4) is related to the following operators 

T 9 (f)(z) = jT 1 f(tz)Stg{t*)j> W) = [ mtz)g(tz)j. (5) 

acting on H(M), introduced in [4] and studied in [5-10], as well as the opera- 
tor T g introduced in [11] acting on holomorphic functions on the unit polydisc 
(see,also[12],[13],as well as [14] for a particular case of the operator). One of mo- 
tivations for introducing operator 7| stems from the operator introduced in [15]. 
Some characterizations of the boundedness and compactness of these and some 
other integral-type operators mostly in C n , can be found, for example, in[4,6,7- 
9,15-31]. 
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In this paper we study the boundedness and compactness of products of 3ft 
and between Zygmund space and Bloch spaces on the unit Ball. 

Throughout this paper, constants are denoted by C,they are positive and 
may differ from one occurence to the other. 
2. Auxiliary results 

Lemma l' 19 !. Let 3ft be the radial derivative operator. The product of 3ft 
and i* 

»[JJ(/)]( 2 )=»/(^))ff( 2 ) (6) 

Lemma 2^. Suppose / e Z.The following statements are true, 
(a). There is a positive constant C independent of / such that 



mxz)\<c\\n\ z \n-^—. ( 7 ) 



(b). There is a positive constant C independent of / such that 
11/1100 = sup \f(z)\ <C\\f\\ z . (8) 

|z|<l 

For studying the compactness of the operator 3fti^ : Z — > B, we need the 
following Lemma. The proof of the lemma is standard, hence we omit the details. 

Lemma 3. Assume that g e H(M), ip be a holomorphic self- map of B. Let 
T = 3ft J* ,then T : Z(orZ ) — > B is compact if and only if T is bounded and 
for any bounded sequence (fk)keN m Z(orZ ) which converges to uniformly on 
compact subsets of B, Tf k — > as k — > oo. 

Lemma 4' 17 1. A closed set K in B is compact if and only if it is bounded 
and satisfies 

lim sup(l - \z\ 2 )\$tf(z)\ = 0. (9) 
kK 1 feK 

3. The boundedness and compactness of 3ft/^ : Z(Z ) — > B{Bq) 
Theorem 1. Let (p be a holomorphic self- map of B. Then the following state- 
ments are equivalent. 

(a) 3ft/£ : Z ->■ B is bounded; 

(b) 3ft/3 : Z ->■ B is bounded; 
(c) 



(1-N 2 )|3fty^)||^)| <rr (m] 

sup i-MzW ' {) 



2GB 



and 



sup(l - \z\ 2 )\Ug{z)\ In- - TT ^ < oo. (11) 
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Proof.(a)=^(b) This implication is obvious. 

(b)=>(c) Assume that ^R,I^:Z — > B is boundedness, i.e., there exists a constant 
C such that 

wwh < c\\su 

for all f £ Z . Taking the functions fj(z) = Zj £ Z and fj(z) = Zj — z 2 £ 
Zq,3 = 1,2, • • • ,n,we get 

sup(l - \z\ 2 )\ Vj (z)\\^(z)g(z) + Xg(z)\ < oo, (12) 

zeB 

and 

sup(l - \z\ 2 )\(^(z) - 4<p 2 (z))(M<p(z)g(z) + »</(*)) + 2 ¥ >J(z)H</(*)| < oo. (13) 

zGB 

Using (12) and the boundedness of functions <pj, we have that 
sup(l - \z\ 2 )\Uip{z)g{z) + &g(z)\ < oo. (14) 
Then with (13), (14) and the boundedness of functions ipj, we have that 



sup(l - \z\ 2 )\&g(z)\ < oo, sup(l - \z\ 2 )\^(z)g(z)\ < oo (15) 

zGB zSB 



Set 

MC) = (C - i)[(i + m ^) 2 + i],C e C, 



and 

|a| z 1 — |a| z 

for a e B\{0}. It is known that h a (z) £ Z (see [17]). Since 

< z,a > 



^h a (z 



rnr^ 0* = ) 2 ( ln — r-n>) _1 , 

|a| 2 V 1- < z,a > J K 1 - \a\ 2j ' 



and 



H 2 /^*) = m a (z) + , 2 2 n <Z ; Q>2 . (In 1 J Cln-^)" 1 ' 

|a| 2 (l— < z, a >) 1— <^,a> 1 — \a\ 2 



for | (z) | > a/1 — 1/e we have 

C||^||>||^(Vz))IU > {l-\z\*)\* l _* tog{z)\ 

2(1 - \z\ 2 ) 

- [ M Vwi 2 n%wn^)i 



l-\<p(z)\ 



2 



- (l-k| 2 )ln T -^^|%W||^W|. 
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Hence 

1 2(1 - \z\ 2 ) 

(l-\z\ 2 )\n 1 _ \Xg(z)\ < C + ^i-^|^)| 2 ||%(z)|b(z)| 

+ {l~\z\ 2 )ln 1 _^ iz)l2 \^{z)\\g{z)\ 



1 - \z 



2 



< C+(2 + e) 1 _^ \?fop(z)\\g(z)\, (16) 



which using the fact of (1 — |(^(,2)| 2 ) In j^j^yp < e. 
For |a| > a/1 — 1/e, set 

M*) = rr- 2 (In- p^) -/ In- — 

\a\ z 1 — |ap Jo 1— < tz, a 

Then f a G -2u.lt is easy to see that 



dt 



2 



1— < 2, a > 1 — |a| 2 l—Kz.a^ 



&f a (z) = %/«(*)+ , ^\ a> \d ^—- -)(ln 1 W 



|a| 2 (l— < z, a >) 1— < z, a > 1 — |a 



2' 



< z, a > 1 
In 



1— < 2, a > 1— < a > 
Therefore 

C||RJ«|| > ||»/»(/ vW )|| B = sup(l-|^| 2 )|^ 2 (/^ ) )(2)| 



= (i-N % ^M^ + ln , r-7-^ W<p(z)\\9(z)\ 



> (i-|,| 2 )(J^|L + i)i%(.)ii^) 



1 - \z 



2 



\top(z)\\g(z)\. (17) 



i-|v^)l 2 

On the other hand, from (15) we have that 

sup (l-\z\ 2 )\Mg(z)\\n 1 < sup (l-\z\ 2 )\ftg(z)\ < oo. (18) 

Hence from (15),(16),(17)and (18),we obtain (11). Further, from (17), we have 



1 - \z 



2 



sup 1 1 \?fcp(z)\\g(z)\<C. (19) 
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On the other hand, from (15) we have that 



1 - \z 



2 



sup 1 1 1 tV IsM^IM*)! < e > su p (i-kl 2 )l%(^)lb(^)l < oo- 

Combining (19) and (20), (10) follows. 

Theorem 2. Let tp be a holomorphic self-map of B. Then the following 
statements are equivalent. 

(a) 3W* : 2 — ?• £> is compact; 

(b) 9W£ : Z — > B is compact; 

(c) 3W* : ^ ->■ £ is bounded, 



1 
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and 



lim 1 1 |^)||^)|=0, (21) 



hm (1-H 2 )i%(z)lln - =0. (22) 

IvOOI-n 1 - \<p{z)\ 



Proof. (a)=>- (b) This is obvious. 

(b)=>- (c) Assume that KJ^ : 2o ~~ * & is compact, then it is clear that 
9ft/^ : Zq — > B is bounded. By theorem 1, we know that : — > £> is 

bounded. Let (z fc )fcgN be a sequence in B such that |y?(<2 fc )| — > 1 as k — > oo and 
if(z k ) ^0,keN. Set 

Then from the proof of theorem l,we see that h k G Z ,ior each k e N. Moreover 
/ife — >■ uniformly on compact subsects of B, as fc — >• oo. 
Since : Z — > B is compact, by Lemma 3 



hm \\n[I«(h k )]\\ B = 0. 

k— >oo r 

On the other hand, similar to the proof of Theorem 1, we have 



o<-M(MIb > (i-kT)in- 1 i 5X ' ^ 



~'"'' r) |^) l 2 %(^) I \g{z k )\ 



\ip(z k ) 



- (i-kT)m T ^y F l%(^ 

- M irq^l^)lb(^)l, 



6 



where M 1 := 2|^ fc )| 2 - (1 - |^)| 2 )l„ iq ^ F . 
From this we obtain 

.^(l-l^l^ln^—A-^l^^)! = ^-(lldgi^lK^llp^)! = 0, (23) 

if one of these two limits exists, which use the case of 

mn[2 W2 ^| + (lH^')P)ln r3 r^]=2. 



Next, set 



h(<Z,ip(z k )>) 1 ! 



\ip(z k )\ 2 v l-|y^ A 
\ 3 1 dt n 1 



o 



1- < tz,ip(z k ) > t 1 - \y\{z k )\ 2 ' 
Since 3W£ : Z — > B is compact, we have \\^tI^(fk)\\B — > as k — > oo. Thus, similar 



to the proof of Theorem l,when^/l — i < |y?(<2 fc )| < 1 

1 

1- \^{z k )\ 2 ~T- \(f(z k ^ 2 



> (i-kT) L ^L ii%(^)lig(^)l 



i-b(* fc )f 
i 

i - 



(l-kT)ln - — — 



> a-;)i^SFl^)ll^)l 

- r ^^(lH^)| 2 )ln T3 ^l%(^)ll^)l 

whereM 2 := 1 - ± - (1 - |y^ fc )| 2 ) In ^^yp 
Hence 

fcT^Spl^l^l = tL (1 -^T^W mzt)l = a (24) 

From (24) easily following that lim (1 — |z fc | 2 )|3?g'(2; fc )| = 0, which altogether 
imply (21)and (22). 
(c)=> (a) 

d = (1 - |z| 2 )|%(z)|b(z)| < oo, C 2 = (1 - |^| 2 )|%(^)| < oo. (25) 
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For every e > 0,there is a 5 G (0, 1), such that 

l-jJ(l)P l%(z)l|g(z)l<£ ' (l-k| 2 )l^)|ln I ^<^ (26) 

Assume that (fk)ken is a sequence in Z such that sup \\fk\\z < and 
converges to uniformly on compact subsets of B as k — > oo. Let K = {z G B : 
Iv 9 !- 2 )! < Then by (25) and (26) ,we have that 

sup(l - \z\ 2 m\l^h)){z)\ = sup(l - \z\ 2 )\K 2 f k ( V (zm V (z)g(z) + Kf k (<p(z))Slg(z)\ 

zeM ' zGB 

< sup(l-\z\ 2 )\?ft 2 f k ( V (z))^(z)g(z)\ 
+ sup(l-|^| 2 )|^.(v9(^))^(^)| 

< sup(l-\z\ 2 )\K 2 f k ( V (z))^(z)g(z)\ 

zeK 

+ sup(l-H 2 )|^(v^))9^)| 

zeK 

+ sup (l-\z\ 2 )\M 2 f k (<p(z))M<p(z)g(z)\ 

z€M\K 

+ sup {I - \z\ 2 )\Uf k {tp{z))Ug{z)\ 

z&\K 

< snp(l-\z\ 2 )\^ 2 f k ( V (z))^(z)g(z)\ 

zeK 

+ snp(l- \z\ 2 )m k ^(zmg(z)\ 

zeK 

1 - \z\ 2 

zem\K i - mz)r 

+ C sup In 6 M2 mz)\\\h\\z 

< d sup |^ 2 / fc (y^))| + C 2 sup \m(<p(z))\ + (C + l)e\\f k \\ z 

zeK zeK 



Hence 

||^(/ fc )|| B < C lS np\^ 2 f k ^(z))\+C 2 sn P m k ^(z))\ 

zeK zeK 

+ (c+i)e\\f k \\ z + mmwm 

Since (f k )-M converges to uniformly on compact subsets of B as k — >• oo, 
Cauchy's estimate gives that ?R,f k — > and 3ft 2 f k — > as /c — >■ oo on compact 
subsets of B. Hence, letting k — > oo, we obtain 

lim \\m°(f k )\\ B = o. 
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Theorem 4. Let tp be a holomorphic self-map of B. Then 3?/^ : 2 ~~ * £>o 
is bounded if and only if 3?/^ : Z — >■ i3 is bounded 

]im(l-\z\ 2 )\Mg(z)\=0, (27) 
lim(l-H 2 )|^)||^)|=0. (28) 

|z|-H 

Proof: Assume that 3?/^ : Z — >■ £> is bounded. Then, it is clear that 3?/^ : Z — >■ 
£> is bounded. Taking the function fj(z) = Zj and fj(z) = Zj — z 2 ,j — 1, 2, • • • , n, 
we obtain (27), (28). 

Assume that 3?/^ : Z — > B is bounded and (27), (28) holds. Then for each 
polynomial p, we have that 

(l-\z\ 2 )\n 2 (I°p)(z))\ < (l-|z| 2 )|3? 2 p(^))||3?^)||^)| 

+ (1 - \z\ 2 )\tip(<P(*)W9(*)\, (29) 

from (27), (28) it follows that ^tl^p £ B . Since the set of all polynomials is dense 
in Zo, we have that for every / G Zq, there is a sequence of polynomials (p n )nm 
such that ||/ — p n \\z — ^ as n — > oo. Hence 

||»/»(/) - m°( Pn )\\ B < ww'Wzo^bM -vn\\z o 

as n oo. Since the operator 3?/^ : Z — > B is bounded, hence $119 (Zo) C So- 

Theorem 5. Let be a holomorphic self-map of B.Then the following 
statements are equivalent. 

(a) 3?/| : 2 — >■ £> is compact; 

(b) 3?/^ : — > Bo is compact; 
(c) 



1 



|2 



hm ^ ^ 1^)11^)1=0, (30) 
and 

lim(l-|^)l%W|ln T ^ I = 0. (31) 
Proof: (a)=>-(b). It is clear. 

(b)=>-(c). Assume that 3?/| : Z — )> i3 is compact, then 3?/| : Z — )■ B is 
bounded. From the proof of Theorem 4, we known that 

lim(l- \z\ 2 )\Mg(z)\ =0, 

\z\— >1 

\un(l-\z\ 2 )\^(z)\\g(z)\=0, 

\z\-H 



9 



Hence, if \\>f\\ < 1, 



lim (1 - ln T3 ^ F < In Inn (1 - M')^)] = 0. 

from which the result follows in this case. 

Assume \\(p\\ = 1. Let (y?(,2 fc ))fcgN be a sequence such that |y?(-2 fc )| -> 1 as 
k — > oo. Since 3?/^ : Z — > B is compact, by Theorem 2, 



1 - \z 



2 



and 



, j™ ' ' \top(z)\\g(z)\ = 0, (32) 



hm (1 - \z\ 2 )\Mg(z)\ In = 0. (33) 

► 1 1 - 07 U 



IvWKi l-|o7(z)p 
It is not difficult to see that (28), (32) implies(30). Similar, (27) and (33) imply 
(31). 

(c)=r»(a). Let / G Z, we have 

(i-kl 2 )l^ 2 (^(/))WI < ( i ^)[2 l^(*)llg(*)l+(H*l 2 ) in 1 _ i^ i^ 

Taking the supremum in this inequality over all / e Z such that \\f\\z < 1- 
Letting |z| — > 1 and using (30), (31) 

hm sup (l-\z\ 2 )\^(I*(f))(z)\ = 0. 
NH 1 ||/IU<i 

Using Lemma 3, we obtain that the operator 3?7| : Z — > B is compact. 
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